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ength and position significantly affect the heat transfer rate of the cavity 
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Abstract 
 
A numerical study of laminar natural convection in a square cavity with a thin fin that is under 
the influence of a uniform magnetic field is presented. The side walls of the cavity are kept at 
different temperatures and the horizontal walls are thermally insulated. An Adaptive Network-
based Fuzzy Inference System (ANFIS) approach and an Artificial Neural Network (ANN) 
approach are developed, trained and validated using the results of Computational Fluid 
Dynamics (CFD) analysis. The effects of pertinent parameters on fluid flow and heat transfer 
characteristics are studied. Among these parameters are the Rayleigh number ( 63 10Ra10  ), 
the Hartmann number ( 100Ha0  ), the position of the thin fin ( 9.0Y1.0 p  ) and the 
length of the thin fin ( 8.0L0 p  ). The results show that ANFIS and ANN can successfully 
predict the fluid flow and heat transfer behaviour within the cavity in less time without 
compromising accuracy. In most cases, ANFIS can predict the results more accurately than 
ANN. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Keywords: Natural convection; Square cavity; Magnetohydrodynamic; ANFIS; ANN; 
CFD 
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Nomenclature 
0B  magnetic field strength 
pC specific heat, 
11 KkgJ 
g gravitational acceleration, 2sm   
Ha  Hartmann number ( 	 /LB0 ) 
k thermal conductivity, 11KmW   
L  length of the cavity, m  
fL  length of the fin, m 
pL   dimensionless length of the fin ( fL /L) 
N  the number of data in the data set (Eq. 9) 
Nu local Nusselt number  
p    fluid pressure, Pa
p  modified pressure  ( gyp c ) 
P dimensionless pressure ( 22 /Lp  )
Pr Prandtl number (  )
Ra Rayleigh number )/)TT(Lg( ch
3   
pS  dimensionless vertical distance of the fin from the top wall ( PY1 ) 
T temperature, K 
v,u  velocity components in x and y directions, 1ms
V,U dimensionless velocity components ( /Lu , /Lv )
y,x Cartesian coordinates, m 
fy  vertical distance of the fin from the bottom wall, m
Y,X dimensionless coordinates ( Ly,Lx )
pY  dimensionless vertical distance of the fin from the bottom wall ( Lyf ) 
Greek symbols 
  thermal diffusivity, 12 sm  ( pC/k  ) 
 thermal expansion coefficient, 1K   
 dynamic viscosity, 2msN   
 dimensionless temperature )TT(/)TT( chc   
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 density, 3mkg   
  electrical conductivity, cm/S  
 kinematic viscosity, 12 sm   (  / ) 
  the calculated value of the parameter obtained from CFD  
m  the average of   
p  the predicted value of the parameter obtained from ANFIS or ANN 
          stream function 
 
Subscripts 
c cold wall
f fin 
h hot wall 
m average 
max maximum 
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1. Introduction 
There is an increasing level of interest among the researchers in understanding the flow 
behaviour and the heat transfer mechanism of electrically conducting fluids in cavities that are 
located in magnetic fields [1-6]. Information related to this could be applied to many 
engineering problems, such as those involving the crystal growth in fluids, the metal casting, the 
fusion reactors and the geothermal energy extractions. The common finding of previous studies 
in this field is that the convective heat transfer is influenced by the magnetic field. It has also 
been found that the orientation and the aspect ratio of the cavity, as well as the strength and 
direction of the magnetic field, all affect the flow and temperature fields [7-12]. These studies 
have simulated the heat transfer in various geometries using Computational Fluid Dynamics 
(CFD), which in turn requires long computational times and large memory allocations.  
 
Recently, numerical modelling techniques such as artificial intelligence systems have 
demonstrated an ability to deal with non-linear engineering problems and to reduce the cost and 
time of the analysis. An Artificial Neural Network (ANN) system is an information-processing 
paradigm that operates like a biological nervous system and simulates the neural activities in the 
human brain [13, 14]. ANN simulations generally draw from experimental findings, 
observations and records of engineering problems. However, some studies reported in the 
literature use the data obtained from the numerical modellings to train and test the ANN 
simulations and to expand the numerical results [15, 16].  
Mahmoud and Ben-Nakhi [17] studied the feasibility of using ANN networks to predict the 
complete thermal and flow characteristics of natural convection in a portioned cavity. They 
trained and tested the ANN architectures using the results of CFD simulations. They 
demonstrated that ANN could accurately predict the natural convection parameters with a 
significant reduction in the analysis time and effort. Sudhakar et al. [18] also employed ANN to 
examine the influence of positioning of five discrete heat sources on the wall of a three-
dimensional vertical duct in which the heat transfer was due to mixed convection. They used the 
temperature database, which was developed from CFD simulations, to train the neural network. 
They concluded that the trained neural network could predict the temperature of the heat sources 
very accurately; it was also much faster than the CFD analysis. In another study, Ozsunar et al. 
[19] trained and tested a neural network approach using the results of CFD simulations in order 
to find suitable thickness levels and materials for a chip subjected to a constant heat power. 
They concluded that ANN was an efficient and time-saving method compared to the CFD 
analysis.  
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ANNs have self-learning and non-linear estimation abilities, but they lack the ability to infer. 
This means an ANN requires massive quantities of training data the inputting of which is an 
intensive and time-consuming process. The Fuzzy Logic Inference System (FIS), on the other 
hand, is a fast approach to solving fuzzy and uncertain problems. However, it is basically 
dependent on the experience of experts; it is particularly challenging to produce forecasting 
results when the information provided is insufficient. The Adaptive Network-Based Fuzzy 
Inference System (ANFIS) proved to be a robust approach, as it has the superior capabilities of 
ANN and FIS. It achieves more accurate modelling than the conventional time series and 
regression methods [20, 21].  
Varol et al. [22] presented a comparison study of the results of ANN, ANFIS and CFD when 
analysing the natural convection characteristics in a triangular enclosure. They claimed that 
ANN and ANFIS were both capable of accurately predicting the flow and thermal behaviour 
within the enclosure, and that the results obtained from ANFIS were more accurate than ANN. 
In a similar study, Varol et al. [23] showed that ANFIS could significantly reduce the 
computation time and memory space required for the analysis of a buoyancy-induced flow field 
in a triangular enclosure without sacrificing the accuracy of the results.  
The present study is motivated by the need to develop a fast and accurate solution for the heat 
transfer problem in a square cavity with a thin fin that is under the influence of a magnetic field. 
This study focuses on examining the effects of the length and position of the fin on the heat 
transfer performance of the cavity by using the ANN and ANFIS techniques. As such, a CFD 
simulation is carried out and the CFD results are used to train and test the ANN and ANFIS 
analyses. A comparison study of the accuracy and the computation time of these methods is also 
presented.  
2. Mathematical Formulation 
Figure 1 shows the schematic diagram of a two-dimensional square cavity with a thin fin that is 
considered in this study. The left vertical wall of the cavity is at a relatively high temperature 
( hT ), the right vertical wall is at a relatively low temperature ( cT ), and the horizontal walls are 
thermally insulated. The temperature of the fin is also assumed to be hT (fin with a high thermal 
conductivity). The cavity is filled with pure water ( 2.6Pr  ) and is under the influence of a 
magnetic field with a uniform strength ( 0B ). The displacement currents, induced magnetic 
field, dissipation and Joule heating are neglected. The density variation in the buoyancy forces 
is determined by using the Boussinesq approximation. 
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The steady-state equations that govern the conservation of mass, momentum and energy for the 
laminar natural convection of fluid in the presence of a magnetic field can be written in the 
following non-dimensional forms: 
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In the above equations the following non-dimensional parameters are used: 
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                                      (5) 
where the Rayleigh number (Ra) is an indication of the effects of buoyancy forces and the 
Hartmann number (Ha) corresponds to the effects of magnetic forces. The governing equations 
(1)-(4) are subject to the following boundary conditions: 
 
For left wall and fin:  1and0VU                                                                                        
For right wall:  0and0VU   
For horizontal walls: 0
Y
and0VU 


                                                                      (6) 
 
The local Nusselt number on the left hot wall and the right cold wall can be defined by: 
 
1X
c
0X
h X
)Y(Nu,
X
)Y(Nu



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





                                                              (7) 
 
The average Nusselt numbers are determined by integrating the local Nusselt numbers along the 
hot and cold walls: 
 
1
0
cc,m
1
0
hh,m dY)Y(NuNu,dY)Y(NuNu                                                              (8) 
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3. C F D Approach and Validation 
The non-dimensional governing equations (1)-(4) along with the boundary conditions (Eq. 6) 
are solved  	  	 
  LE algorithm [24]. The 
convection-diffusion terms are discretised by a power-law scheme and the system is numerically 
modelled in FORTRAN. The solution domain consists of a two-dimensional uniformly-spaced 
staggered grid. The convergence criterion is to reduce the maximum mass residual of the grid 
control volume below 10-7. Grid dependency is also tested in this study. The results are 
presented in terms of h,mNu , c,mNu  and max  for four grid sizes when the Rayleigh number 
is 610Ra  , the Hartmann number is 0Ha   and the dimensionless vertical distance of the fin 
from the bottom wall is 5.0Yp  . Tables 1a and 1b present the results of the grid dependence 
study for 2.0Lp   and 8.0Lp  , respectively.  It can be seen a grid size of 100100 satisfies 
the grid independence.  
 
The numerical code is validated against the results of other studies for natural convection in 
cavities with fins. For example, the results of the convection heat transfer in a square cavity 
with a thin fin obtained from the present model are validated against the results obtained by Shi 
and Khodadadi [25]. Fig. 2a presents the variation of the average Nusselt number ratio with the 
fin position (Sp=1-Yp ) at 
410Ra  . The present code has further been validated against the 
results of other studies for magneto-hydrodynamic buoyancy-induced convection in cavities. 
For example, the results for the natural convection in an inclined cavity in a magnetic field 
obtained from the present model are validated against the solution developed by Pirmohammadi 
and Ghassemi [26]. Fig. 2b presents the variation of the maximum stream function (
max
 ) 
with the cavity angle at various values of Hartmann number ( 510Ra  ). The validation study 
confirms a good agreement between the present study and the results of other studies that have 
been reported in the literature. 
4. A NN and A N F IS Structures and T raining 
For the ANN and ANFIS analysis, six input parameters and four output parameters are defined.  
The input parameters are the Rayleigh number ( Ra ), the Hartmann number ( Ha ), the 
dimensionless location and length of the thin fin ( pY  and pL ), and the dimensionless 
coordinates ( X  and Y ). The output parameters are the stream function ( ), the dimensionless 
temperature (  ), the average Nusselt number at the cold surface ( c,mNu ) and the average 
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Nusselt number at the hot surface ( h,mNu ). It must be noted that X  and Y  are only used in 
determining   and  . It is well understood that the number of layers, the number of neurons in 
each layer and the appropriate transfer function of each neuron can significantly affect the 
benefits and abilities of ANNs. Figure 3 shows that the feed forward ANN structure consists of 
three layers: input layer, hidden layer and output layer. Three continuous and differentiable 
transfer functions of Hyperbolic Tangent Sigmoid, Logarithmic Sigmoid, and Pure Linear are 
examined for all neurons in each layer, and the Hyperbolic Tangent Sigmoid transfer function is 
selected that provides the highest accuracy. 
Figure 4 shows that the ANFIS structure consists of five layers. It is noteworthy that there has 
not been any well-established method that can determine the number of layers in each network 
and the number of neurons in each layer. It is also impractical to directly determine the Transfer 
Functions of each layer in the ANN and the Membership Functions (MFs) in the ANFIS. 
Therefore, a trial and error process has to be carried out to determine these parameters. To 
accomplish this, more than five hundred networks with different structures are tested and their 
results (error in estimating outputs) are compared. The use of the Root Mean Square of Error 
(RMSE) between the pattern outputs and the predicted outputs (with same inputs) is one of the 
conventional criteria for evaluating the performance of the ANN and ANFIS models.  
  2pm )(N
1
RMSE                                                                                                        (9) 
The selection of the MFs in the ANFIS architecture affects the behaviour of the model In this 
study, four different MFs with Bell-Shaped, Triangular-Shaped, Trapezoidal-Shaped and 
Gaussian-Shaped are tested. The Triangular-Shaped MF is finally selected for all cases as it is 
associated with the minimum value of RMSE.  
 
In all cases, the input-output data set is randomly divided into two (training and evaluating) 
subsets. For each case, two-thirds of the data is selected as the training subset and one-third as 
the evaluating subset. Training of the ANN is accomplished with the first subset in 1000 epochs 
(training stage) with the BPE (Back Propagation of Error) procedure. The BPE algorithm uses 
an iterative steepest descent gradient algorithm to minimize the mean squared error by 
regulating the weights properly. All the ANN related simulations are carried out with Neural 
Network toolbox of the MATLAB. The training of the ANFIS is also accomplished using the 
first subset in 100 epochs with hybrid (BPE for nonlinear parameters and the least square errors 
for linear parameters) procedure. All the ANFIS simulations are carried out using the Fuzzy 
toolbox of MATLAB [27]. 
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5. Results and Discussions 
ANN and ANFIS approaches are developed to study the effects of a magnetic field on the 
natural convection in a square cavity with a thin fin. A CFD simulation is also carried out and 
the CFD results are used to provide the required information for the ANN and ANFIS training 
and evaluation. The effects of pertinent parameters on the fluid flow and heat transfer 
characteristics are studied; among these are the Rayleigh number ( 63 10Ra10  ), the 
Hartmann number ( 100Ha0  ), the position of the thin fin ( 9.0Y1.0 p  ) and the length of 
the thin fin ( 8.0L0 p  ).  
5.1. A NN and A N F IS versus C F D 
In this section, the results of ANN and ANFIS analyses are compared with the results of CFD 
modelling. At first, the results for 4.0Lp   and 5.0Yp   are presented in Figures 5 and 6 and 
in Table 2; following this the results for different values of pL  and pY are presented in Table 3.  
 
Figure 5 shows the streamlines (top) and isotherms (bottom) obtained from CFD, ANFIS and 
ANN analyses for 510Ra   and 50Ha  . It is evident that there are only minor differences 
between the CFD results and the other two analyses, particularly with regards to the ANFIS 
results. The streamlines show that there are two circulating cells at the top and bottom of the 
cavity. These circulations are generated due to the existence of the thin fin. The isotherms are 
intensified in the vicinity of the bottom part of the hot wall and also near the top part of the cold 
wall. This is an indication of higher heat transfer rates in these regions. This is also 
demonstrated in Figure 6. In this figure, the results of the ANN, ANFIS and CFD analyses for 
the local Nusselt number on the hot and cold walls are plotted. Firstly, the results show a good 
agreement between the three analyses. Secondly, the results indicate higher heat transfer rates at 
the top of the cold wall and at the bottom of the hot wall. The local Nusselt number on the hot 
wall ( hNu ) is zero at the centre of the hot wall ( 5.0Y  ) where the fin with the uniform 
temperature of Th is located. hNu  increases towards the top and bottom sections of the hot wall. 
The rate of this increase is much higher at the bottom section of the hot wall than at the top 
section. The reason for this is that the bottom section of the hot wall is approached by the fluid 
with relatively lower temperatures flowing in the bottom section of the cavity and away from 
the cold wall. The local Nusselt number on the cold wall increases from the bottom to the top 
section of the cold wall. The reason for this is that the top section of the cold wall is approached 
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by the fluid with relatively higher temperatures moving in the top section of the cavity and away 
from the hot wall. 
 
A comparison study between the CFD modelling and the ANFIS and ANN analyses for some 
cases is presented in Tables 2a and 2b, respectively. The results are presented in terms of the 
numerical values of the average Nusselt number on the hot and cold walls ( h,mNu  and c,mNu ) 
and the maximum stream function (
max
 ) for two values of the Rayleigh number 
( 53 10,10Ra  ) and three values of Hartmann number ( 100,50,0Ha  ). Table 2a shows that 
the maximum difference between the CFD and ANFIS results is 2.20% for h,mNu and Table 2b 
shows that the maximum difference between the CFD and ANN results is 5.07% for 
max
 .  
 
Table 3 presents a comparison between CFD, ANFIS and ANN in terms of the values of the 
average Nusselt number on the hot and cold walls for various values of the length and position 
of the fin. The results show that the maximum difference between the CFD simulation and the 
other two analyses is 2.16%. Table 4 presents the values of RMSE and R square indexes related 
to ANFIS and ANN analyses for the average Nusselt number simulation cases. The ANFIS 
results show a higher accuracy than the ANN results. The average CPU time consumed for the 
CFD analysis is much larger than that consumed for ANFIS and ANN (all simulations are 
developed by a Pentium five computer with a 3 GHz CPU clock frequency). 
 
Now that the precision and accuracy of the ANFIS and ANN structures have been tested, these 
trained structures can be used to quickly and accurately investigate the effects of various 
parameters on the thermal performance of the cavity. 
5.2. Effects of magnetic field 
In this section, ANFIS and ANN are used to examine the effects of the magnetic field on the 
fluid flow and heat transfer performance of the cavity. Here, the length and position of the fin 
are assumed to be fixed ( 4.0Lp   and 5.0Yp  ).  
 
Figure 7 presents the streamlines (top) and isotherms (bottom) for three values of the Hartmann 
number ( 100,50,0Ha  ). The Rayleigh number is considered to be 610Ra  . Small 
differences can be observed between the results of ANFIS and ANN. Both analyses show the 
significant effects of the Hartmann number on the flow and temperature patterns in the cavity. 
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In the absence of the magnetic field ( 0Ha  ), a clockwise circulation covers the entire cavity 
transferring heat from the hot wall to the cold wall. When the magnetic field is activated, the 
strength of the circulating cell decreases and additional circulating cells appear at the top and 
bottom sections of the cavity. These cells imply inverse effects on the heat transfer process. The 
results also show that as the Hartmann number increases, the intensity of isotherms in the 
vicinity of the vertical walls decreases, which results in lower heat transfer rates.    
 
Figure 8 is plotted to clearly demonstrate an understanding of the effects of the magnetic field 
on the heat transfer performance of the cavity. The results, which are determined by ANFIS and 
ANN, are presented in terms of the variation of an average Nusselt number on the cold wall 
( c,mNu ) with respect to the Hartmann number ( Ha ) at various values of the Rayleigh number 
( Ra ). For all values of the Hartmann number, increasing the Rayleigh number results in higher 
heat transfer rates due to the stronger buoyancy-driven flows within the cavity. At low values of 
the Rayleigh number ( 310Ra  ), where the fluid velocities are low and the heat transfer is 
mainly due to conduction, the effect of the Hartmann number on the heat transfer rate is 
negligible. As the Rayleigh number increases due to the higher contribution of convective 
flows, the influence of the magnetic field on the heat transfer mechanism becomes more 
considerable. At 610Ra  , where the fluid velocities are considerable and the heat transfer is 
mainly due to convection, an increase of the Hartmann number results in a significant reduction 
of the heat transfer rate.  
5.3. Effects of fin position 
In this section, ANFIS and ANN are used to examine the influence of the fin position on the 
fluid flow and heat transfer performance of the cavity. Here, the length of the fin and the 
Hartmann number are assumed to be fixed ( 4.0Lp   and 50Ha  ).  
 
Figure 9 shows the streamlines (top) and isotherms (bottom) at 510Ra   and for three different 
positions of the fin ( 9.0,5.0,1.0Yp  ). Both ANFIS and ANN analyses show that the 
streamlines and isotherms are considerably affected by the fin being repositioned on the hot 
wall. When the fin is located at the top of the hot wall ( 9.0Yp  ), a clockwise circulating cell 
appears in the cavity and the isotherms are intensified near the top of the cold wall and the 
bottom of the hot wall. When the fin moves towards the centre of the hot wall ( 5.0Yp  ), extra 
circulating cells appear and the isotherms move away from the hot wall. This is an indication of 
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a lower heat transfer rate on the hot wall. When the fin moves towards the bottom of the hot 
wall ( 1.0Yp  ), the streamlines form a complete circulating cell again and the isotherms move 
further away from the hot wall. This indicates that a further decrease in the heat transfer rate on 
the hot wall is expected.  
 
To demonstrate a better understanding of the effects of the fin position on the heat transfer 
performance of the cavity, Figure 10 is presented. This figure shows the variations of average 
Nusselt numbers on the hot and cold walls ( h,mNu  and c,mNu ) with respect to the position of 
the fin ( pY ) for different values of the Rayleigh number ( Ra ). Insignificant differences are 
observed between the results of ANFIS and ANN analyses. Figures 10a-10d show that c,mNu  is 
generally higher than h,mNu  for all values of the Rayleigh number. This is due to the effects of 
the fin, which is located on the hot wall, on the flow and heat transfer process. It is also evident 
that, for all values of the Rayleigh number, the variation of fin position results in more 
noticeable changes in h,mNu compared to c,mNu . This is because of the greater effects of the 
fin on the flow behaviour in the vicinity of the hot wall compared to the cold wall. As the 
Rayleigh number increases, the effect of the fin position on the heat transfer rate on the hot wall 
becomes more noticeable. For high Rayleigh numbers ( 65 10,10Ra  ), where the heat transfer 
is mainly due to convection, the average Nusselt number on the hot wall sharply increases as the 
fin moves upwards. This is due to the behaviour of the convective flow circulation adjacent to 
the hot wall.  
5.4. Effects of fin length 
In this section, the fin position and the Hartmann number are assumed to be fixed 
( 50Ha,5.0Yp  ). Figure 11 shows the streamlines (top) and the isotherms (bottom) obtained 
from ANFIS and ANN analyses at 510Ra   and for three different lengths of the fin 
( 8.0,4.0,0Lp  ). For 0Lp  , the cavity experiences a large clockwise circulating convective 
flow that is the dominant heat transfer mechanism. As the length of the fin increases ( 4.0Lp  ), 
separate circulations appear in the top and bottom sections of the cavity. A further increase in 
the length of the fin ( 8.0Lp  ) results in individual flow separations in the top and bottom 
sections of the cavity with a small amount of flow still crossing the gap. The isotherms show 
that as the length of the fin increases, the temperature patterns move away from the hot wall and 
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become intensified near the cold wall. This is an indication of higher Nusselt numbers on the 
cold wall and lower Nusselt numbers on the hot wall.   
 
Figure 12 clearly demonstrates the effects of the fin length on the average Nusselt number ratios 
on the hot and cold walls ( 0L,mm pNu/Nu  ). The average Nusselt number with no fin 
( 0L,m pNu  ) is considered to be the reference value. Various Rayleigh numbers 
( 6543 10,10,10,10Ra  ) are considered here. It is evident that the results of ANFIS are in 
agreement with those obtained from ANN. At all values of the Rayleigh number, it can be 
observed that 0L,mm pNu/Nu   increases for the cold wall and it decreases for the hot wall as 
the length of the fin increases. This can be explained by the behaviour of isotherms near the hot 
and cold walls at different fin lengths (Figure 11). The most significant effect of the fin length 
on 0L,mm pNu/Nu   for both hot and cold walls can be found at low Rayleigh numbers. For 
43 10,10Ra  , conduction dominates the heat transfer process and a higher heat transfer rate is 
expected when the length of the fin is extended from the hot wall towards the cold wall. As the 
Rayleigh number increases, the convection starts to dominate the heat transfer process and that 
is why the influence of the length of the fin on the heat transfer rate is less pronounced.  
6. Conclusions  
The laminar natural convection in a square cavity with a thin fin is examined. The cavity is 
influenced by a uniform magnetic field. The side walls of the cavity are kept at different 
temperatures and the horizontal walls are thermally insulated.  Adaptive Network-based Fuzzy 
Inference System (ANFIS) and Artificial Neural Network (ANN) approaches are developed, 
trained and validated using the results of Computational Fluid Dynamics (CFD) analysis. The 
effects of pertinent parameters such as the Rayleigh number ( 63 10Ra10  ), the Hartmann 
number ( 100Ha0  ), the position of the thin fin ( 9.0Y1.0 p  ) and the length of the thin 
fin ( 8.0L0 p  ) on the fluid flow and heat transfer characteristics are studied. The results of 
this study lead to the following conclusions: 
 
The flow and temperature fields and the heat transfer rate of the cavity are all influenced by the 
magnetic field, especially at higher Rayleigh numbers. As the Hartmann number increases, the 
magnetic field limits the convective flow circulations and, as a result, the heat transfer rate 
decreases.  
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The position of the fin has more noticeable effects on the heat transfer of the hot wall than that 
on the cold wall at higher values of the Rayleigh number where the heat transfer is mainly due 
to convection. The average Nusselt number on the hot wall increases significantly as the fin 
moves upwards along the hot wall.  
 
The length of the fin has a stronger effect on the heat transfer rate for both hot and cold walls at 
low Rayleigh numbers, where the heat transfer is mainly due to conduction. For all Rayleigh 
numbers, as the length of the fin increases, the heat transfer rate increases for the cold wall and 
decreases for the hot wall. It is evident that ANFIS and ANN can successfully predict the fluid 
flow and heat transfer behaviour within the cavity in less time without compromising accuracy. 
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Tables 
 
Table 1a: The effects of grid on results ( 5.0Y,2.0L,0Ha,10Ra pp
6  ) 
 
Grid 2020 6060 100100 140140 
h,mNu 9.166 8.017 7.801 7.735 
c,mNu 10.637 9.731 9.583 9.550 
max
 24.147 20.376 19.790 19.614 
 
 
 
 
 
Table 1b: The effects of grid on results ( 5.0Y,8.0L,0Ha,10Ra pp
6  ) 
 
Grid 2020 6060 100100 140140 
h,mNu 7.292 6.388 6.217 6.168 
c,mNu 11.629 10.939 10.841 10.827 
max
 19.647 19.182 19.166 19.211 
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Table 2a: A comparison between CFD and ANFIS analyses in terms of the average Nusselt 
numbers for the hot and cold walls and the maximum stream function )5.0Y,4.0L( pp     
 
Ra Ha 
hm,Nu cm,Nu max 
CFD ANFIS 
Difference 
(%) 
CFD ANFIS 
Difference 
(%) 
CFD ANFIS 
Difference 
(%) 
103 
0 0.455 0.455 0.00 1.278 1.278 0.00 0.481 0.481 0.00 
50 0.443 0.443 0.00 1.256 1.256 0.00 0.047 0.047 0.00 
100 0.443 0.449 1.35 1.256 1.269 1.04 0.014 0.014 0.00 
105 
0 2.968 3.023 1.85 4.871 4.871 0.00 10.505 10.538 0.31 
50 1.318 1.318 0.00 2.476 2.476 0.00 3.390 3.398 0.24 
100 0.636 0.650 2.20 1.531 1.531 0.00 1.279 1.281 0.16 
 
 
 
Table 2b: A comparison between CFD and ANN analyses in terms of the average Nusselt 
numbers for the hot and cold walls and the maximum stream function )5.0Y,4.0L( pp     
 
Ra Ha 
hm,Nu cm,Nu max 
CFD ANN 
Difference 
(%) 
CFD ANN 
Difference 
(%) 
CFD ANN 
Difference 
(%) 
103 
0 0.455 0.455 0.00 1.278 1.278 0.00 0.481 0.484 0.62 
50 0.443 0.443 0.00 1.256 1.271 1.19 0.047 0.048 2.13 
100 0.443 0.443 0.00 1.256 1.256 0.00 0.014 0.014 0.00 
105 
0 2.968 2.968 0.00 4.871 4.871 0.00 10.505 10.193 2.97 
50 1.318 1.318 0.00 2.476 2.476 0.00 3.390 3.218 5.07 
100 0.636 0.636 0.00 1.531 1.531 0.00 1.279 1.223 4.38 
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Table 3: A comparison between the results of CFD and the results of ANFIS and ANN in terms 
of the average Nusselt numbers for hot and cold walls )50Ha,10Ra( 5     
 
 
Lp 
 
Yp 
hm,Nu cm,Nu 
CFD ANFIS 
Difference 
(%) 
ANN 
Difference 
(%) 
CFD ANFIS 
Difference 
(%) 
ANN 
Difference 
(%) 
0 0.5 2.170 2.170 0.00 2.182 0.55 2.170 2.170 0.00 2.145 1.15 
0.4 0.5 1.318 1.318 0.00 1.318 0.00 2.476 2.476 0.00 2.476 0.00 
0.8 0.5 0.786 0.769 2.16 0.786 0.00 3.519 3.519 0.00 3.519 0.00 
0.4 0.1 0.640 0.640 0.00 0.640 0.00 2.519 2.519 0.00 2.519 0.00 
0.4 0.9 1.979 1.979 0.00 1.979 0.00 2.353 2.353 0.00 2.353 0.00 
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Table 4: A comparison between CFD, ANFIS and ANN in terms of the values of RMSE, R 
square and CPU times related to the average Nusselt number for the hot and cold walls 
 
hm,Nu cm,Nu 
CFD ANFIS ANN CFD ANFIS ANN 
RMSE - 0.0109 0.0286 - 0.0138 0.0495 
R2 - 0.99997 0.99979 - 0.99997 0.99965 
CPU Time 
320-600 
 (s) 
35-45  
(ms) 
30-39 
 (ms) 
320-600 
 (s) 
35-45 
(ms) 
30-39 
(ms) 
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F igures 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1:  A schematic diagram of the physical model 
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Figure 2a: Validation of the present code for natural convection heat transfer inside a cavity 
with a thin fin against Shi and Khodadadi [25] 
 
 
 
 
Figure 2b: Validation of the present code for convection heat transfer with magnetic field inside 
a cavity against Pirmohammadi and Ghassemi [26] 
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Figure 3: ANN structure 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
 26
 
 
 
 
 
 
Figure 4: ANFIS structure 
 
 
 
 
 
 
 
 
 
 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
 27
 
 
Figure 5: Streamlines (top) and isotherms (bottom) from CFD, ANFIS and ANN  
)5.0Y,4.0L,50Ha,10Ra( pp
5   
 
 
 
390.3
CFDmax,
  398.3
ANFISmax,
  218.3
ANNmax,
  
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
 28
 
 
 
Nu
0 1 2 3 4 5 6
Y
0.0
0.2
0.4
0.6
0.8
1.0
CFD
ANFIS
ANN
Nuh
Nuc
 
Figure 6: Variation of local Nusselt number along the hot and cold walls from CFD, ANFIS and 
ANN )5.0Y,4.0L,50Ha,10Ra( pp
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Figure 7: Streamlines (top) and isotherms (bottom) from ANFIS () and ANN (---) 
 at different Hartmann numbers  )5.0Y,4.0L,10Ra( pp
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Figure 8: Variation of average Nusselt number on the cold wall with Hartmann number from 
ANFIS and ANN )5.0Y,4.0L( pp   
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Figure 9: Streamlines (top) and isotherms (bottom) from ANFIS () and ANN (---) 
 at different fin positions )4.0L,50Ha,10Ra( p
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Figure 10: Variation of average Nusselt number on the hot and cold walls with the fin position 
from ANFIS and ANN )4.0L,50Ha( p   
6543 10Ra)d(,10Ra)c(,10Ra)b(,10Ra)a(     
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Figure 11: Streamlines (top) and isotherms (bottom) from ANFIS () and ANN (---) 
 at different fin lengths )5.0Y,50Ha,10Ra( p
5   
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Figure 12:  Variation of average Nusselt number ratio with the fin length from ANFIS and ANN 
)5.0Y,50Ha( p     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
